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We introduce an equivalent-circuit element ZDW based on the theory of interface pinning in ran-
dom systems, to analyze the contribution of domain wall motion to the impedance of a ferroelectric,
as a function of amplitude E0 and frequency f of an applied ac electric field. We investigate ca-
pacitor stacks, containing ferroelectric 0.5(Ba0.7Ca0.3)TiO3–0.5Ba(Zr0.2Ti0.8)O3 (BCZT) thin films,
epitaxially grown by pulsed laser deposition on Nb-doped SrTiO3 single crystal substrates and cov-
ered with Au electrodes. Impedance spectra from f = 10 Hz to 1 MHz were collected at different
E0. Deconvolution of the spectra is achieved by fitting the measured impedance with an equivalent-
circuit model of the capacitor stacks. We find that dielectric nonlinearity and logarithmic frequency
dispersion are coupled in the BCZT thin films, and we report on the explicit functional form of the
coupled dielectric response. From an extended data analysis, we quantify the coupling strength and
obtain a schematic phase diagram of the different domain wall motion regimes.
I. INTRODUCTION
Domain wall motion in ferroelectric materials does not
only influence their ferroelectric, but also their dielectric
and piezoelectric properties [1]. In general, the complex
dynamics of domain wall displacement in ferroelectrics
results in a dependence of their dielectric (εij) and piezo-
electric (dijk) tensor components on the amplitude E0
and frequency f of an applied ac electric field [1, 2].
Regarding perovskite-type ferroelectrics, field and fre-
quency dependent dielectric and piezoelectric response
has been mostly investigated in ceramics and thin films
based on PbZrxTi1−xO3 (PZT) [1–4]. It was found, that
the field dependence of permittivity and piezoelectric co-
efficients at subswitching fields can often be described
by the linear Rayleigh law, which results in a nonlin-
ear and hysteretic dielectric polarization and piezolec-
tric strain. Based on this, the linear field dependence
of permittivity is also referred to as dielectric nonlinear-
ity [4]. Moreover, the coupling of dielectric nonlinearity
and frequency dispersion has been studied [2]. However,
a unified theory which describes the field and frequency
behavior of material properties, e.g. the complex relative
permittivity εr(E0, f) of ferroelectrics, with the same set
of equations is not available. Thus, the measurement of
εr(E0, f) is crucial, since the permittivity is directly re-
lated to the microstructure of the material and essential
for device modelling [1, 5]. This is especially true for
thin film samples of new and thus less investigated lead-
free ferroelectrics such as K0.5Na0.5NbO3 (KNN) and
0.5(Ba0.7Ca0.3)TiO3–0.5Ba(Zr0.2Ti0.8)O3 (BCZT) [6, 7].
Recently, a new method for the measurement of the
field dependence of complex relative permittivity εr(E0)
(i.e. Rayleigh analysis) was introduced [8]. This method
∗ maximilian.becker@nmi.de
is based on impedance spectroscopy and equivalent-
circuit fitting, which allows one to discriminate different
contributions to the permittivity, originating from elec-
tronically different components of the analyzed sample.
In ferroelectric thin films, the dielectric properties can
exhibit strong frequency dispersion depending on the re-
sistivity of both film and electrode layers [9], thus mask-
ing the true dielectric dispersion caused by pinning of do-
main walls on randomly distributed defects occuring in
the ferroelectric layer inside the heterostructure [10, 11].
Moreover, the interfaces to the electrodes play a more
crucial role in thin films as compared to thick ceramic
samples [8, 12], which can lead to extrinsic dielectric re-
laxation processes [13], additionally masking the contri-
butions from the ferroelectric.
The superiority of the Rayleigh analysis based on
impedance spectroscopy over the conventional approach
(i.e. without equivalent-circuit fitting) was demonstrated
in Ref. 8 for the measurement of εr(E0) for a ferroelec-
tric Si:HfO2 thin film. However, the frequency disper-
sion εr(f) is not accessible with the method described in
Ref. 8.
Here, we report on a method to extract the
domain-wall-motion induced amplitude- and frequency-
dependent dielectric response εr(E0, f) in ferroelectrics
from impedance spectroscopy measurements, by intro-
ducing an equivalent-circuit element ZDW which is based
on the theory of interface pinning in random systems [10].
The method will be demonstrated by applying it to thin
film capacitor stacks containing the lead-free ferroelectric
BCZT.
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2II. THEORY
A. Rayleigh behavior and interface pinning in
random systems
Domain wall dynamics can be considered as a superpo-
sition of center of mass motion and relaxational motion
of internal modes, i.e. domain wall segments [11]. From
theory it is known, that the interaction of domain walls
with pinning centers, that form a random energy land-
scape, gives rise to the so called Rayleigh behavior and
the corresponding Rayleigh law [14, 15]. Rayleigh behav-
ior originates from the irreversible center of mass motion
of domain walls and results in a linear dependence of per-
mittivity and piezoelectric coefficients on the field ampli-
tude E0 above a specific threshold field ET and below
the coercive field EC, which was also observed experi-
mentally on ceramic and thin film samples [4, 16–18]. As
a consequence of Rayleigh behavior, the dielectric polar-
ization and piezoelectric strain responses of ferroelectrics
become nonlinear in E0 and hysteretic even at subswitch-
ing fields ET < E0 < EC. In the following, we will solely
discuss dielectric properties and disregard piezoelectric
properties.
The Rayleigh law for the real and imaginary parts of
the complex relative permittivity εr = ε
′
r − iε′′r is given
by [8, 18]
ε′r(E0) = ε
′
r,in + α
′E0 ,
ε′′r (E0) = ε
′′
r,in + α
′′E0 . (1)
Here ε′r,in and ε
′′
r,in are real and imaginary parts of the
reversible (initial) Rayleigh parameter εr,in due to lattice
and reversible domain wall contributions, α′ denotes the
irreversible Rayleigh parameter (Rayleigh constant) and
α′′ = 43piα
′.
In the following, we will denote a general linear field
dependene of ε′r(E0) and ε
′′
r (E0) with positive slope as
”Rayleigh-like behavior”. In that sense, the Rayleigh law
is a special case of Rayleigh-like behavior with the addi-
tional requirement α′′ = 43piα
′.
The irreversible domain wall contribution to the real
part of the permittivity is given by α′E0. It turns out,
that α′ is a direct and quantitative measure for the mo-
bility of domain walls, and it is dependent on the con-
centration of pinning centers and the density of domain
walls [4]. However, the Rayleigh law Eq. (1) is rate-
independent and no frequency dependence of material
properties can be derived from it [2–4].
Theory predicts for domain wall pinning processes in
random systems a logarithmic dependence of permittiv-
ity on frequency f , which is due to the relaxational con-
tribution of internal modes [10, 11]
ε′r(f) ∝
[
ln
(
1
2pift0
)]Θ
,
ε′′r (f) ∝
[
ln
(
1
2pift0
)]Θ−1
. (2)
Here, Θ is related to the roughness of the domain wall
and t0 denotes a microscopic time constant, which is re-
lated to the rate of transitions of domain wall segments
between metastable states [10, 11].
In this pinned regime, the center of mass of the do-
main wall is captured in a potential valley, while domain
wall segments can still jump between different metastable
states with close energies. The potential valley of a ran-
dom energy landscape can be described by [11]
U(r¯) =
Cn
2τ1
r¯2 +
∫ r¯
0
dr′g¯(r′) , (3)
with a constant Cn, the transverse spatial coordinate r¯, a
single relaxation time τ1 and the random pinning force g.
The first term in Eq. (3) describes the average (parabolic)
shape of the well and the second term describes spatial
fluctuations due to the residual part of the random pin-
ning force g, which results in a distribution of relaxation
times Ψ1(τ) instead of the single relaxation time τ1 [11].
In many ferroelectrics - including relaxors - it was
found that Θ ∼ 1, which corresponds to a frequency-
independent imaginary part of permittivity, and which is
valid for systems with a broad distribution Ψ1(τ) of relax-
ation times [2–4, 19–21]. In this case, the logarithmic fre-
quency dependence of the complex relative permittivity
can be well approximated by the expression [2, 3, 20, 21]
ε′r(f) = ε
′
r,0 + ∆ε
′
r ln
(
1 Hz
2pif
)
,
ε′′r (f) = ε
′′
r,0 , (4)
where ε′r,0 and ε
′′
r,0 denote static contributions to the per-
mittivity, and ∆ε′r is the logarithmic dispersion strength.
We note that in Eq. (4) we fixed the value of t0 to 1s,
which is also the common choice in the literature [4, 19–
22]. We will use this convention throughout the remain-
ing part of this paper.
It has been shown for systems with Rayleigh-like be-
havior and logarithmic frequency dispersion, that the fre-
quency dependence of ε′r in Eq. (4) is due to the loga-
rithmic frequency dependence of both reversible (ε′r,in)
and irreversible (α′) Rayleigh parameters defined in the
Rayleigh law Eq. (1), which can then be expressed as [19]
ε′r,in(f) = ε
′
r,in,0 + ∆ε
′
r,in ln
(
1 Hz
2pif
)
,
α′(f) = α′0 + ∆α
′ ln
(
1 Hz
2pif
)
. (5)
The physical interpretation of the coefficients ∆ε′r,in and
∆α′ in Eq. (5) will be discussed later in Sec. IV. As
a consequence, the Rayleigh relation for the real part
of relative permittivity ε′r in Eq. (1), can be written
with frequency-dependent Rayleigh parameters given by
Eq. (5), as
ε′r(E0, f) = ε
′
r,in(f) + α
′(f)E0 . (6)
3However, the Rayleigh law Eq. (1), comprises also the
Rayleigh relation for the imaginary part of relative per-
mittivity ε′′r and the relations are coupled by α
′′ = 43piα
′.
The coupling relation predicts a logarithmic frequency
dependence of α′′ which results in a frequency disper-
sion of ε′′r , which is contradictory to the assumption of a
frequency independent imaginary part given by Eq. (4),
which implies a constant α′′. Thus, the logarithmic fre-
quency dispersion due to domain wall pinning in random
systems and the Rayleigh law are only compatible at a
fixed frequency. Taking account of a constant α′′, we can
implicitly define this frequency f ≡ fR by
lim
f→fR
α′(f)
α′′
!
=
3pi
4
. (7)
At f = fR, the Rayleigh law is fulfilled for variable field
amplitudes E0 within the Rayleigh region. The frequency
fR will be called the ”Rayleigh frequency” in the follow-
ing.
The more general Rayleigh-like behavior exists in the
frequency range where α′(f) is positive. At frequencies
f within this Rayleigh-like frequency range, the center
of mass of domain walls can move irreversibly via hop-
ping between different minima of the energy landscape,
since this is a basic assumption in the derivation of the
Rayleigh law. Thus, the center of mass of the domain
walls is not captured in a potential valley as in the pinned
phase and we conclude that the Rayleigh-like frequency
range corresponds to a regime with coexisting center of
mass motion and relaxational motion of internal modes.
In analogy to Ref. 11, we will denote this regime as the
stochastic regime of complex relative permittivity.
B. Derivation of an equivalent-circuit element
based on interface pinning in random systems
In an impedance spectroscopy experiment, the com-
plex impedance Z(f) = Z ′(f) − iZ ′′(f) is measured
as a function of frequency f , typically in the range of
f = 10 − 106 Hz. The complex impedance is related to
the complex relative permittivity by [23]
Z(f) =
1
i2pifC0εr(f)
, (8)
with the geometrical capacitance C0. For a parallel-plate
capacitor, C0 =
ε0A
d with the vacuum permittivity ε0,
electrode area A and plate distance d. Separating real
and imaginary parts in Eq. (8), yields
Z(f) =
ε′′r (f)− iε′r(f)
2pifC0 {ε′r(f)2 + ε′′r (f)2}
. (9)
By inserting the logarithmic frequency dependence
Eq. (4) into Eq. (9), we obtain the equivalent-circuit el-
ement ZDW, which models the impedance of a ferroelec-
tric due to pinning of domain walls in a potential valley
[c.f. Eq. (3)] of a random energy landscape
ZDW(f) =
ε′′r,0 − i
[
ε′r,0 + ∆ε
′
r ln
(
1 Hz
2pif
)]
2pifC0
{[
ε′r,0 + ∆ε′r ln
(
1 Hz
2pif
)]2
+ ε′′2r,0
} ,
(10)
with ε′r,0, ε
′′
r,0 and ∆ε
′
r as free parameters. Consequently,
ZDW will be called the ”domain wall pinning element” in
the following.
Impedance spectroscopy allows one to extract the free
parameters ε′r,0, ε
′′
r,0 and ∆ε
′
r by fitting the measured
impedance over the full frequency range to the impedance
of an appropriate equivalent-circuit model of the capac-
itor stack, including the ferroelectric. Thus, the differ-
ent contributions (from electrodes, interfaces, etc.) to
the measured impedance are deconvoluted. Since domain
wall motion occurs solely in the ferroelectric layer and not
in the electrodes and interfaces, equivalent-circuit fitting
with the domain wall pinning element ensures the extrac-
tion of the true dielectric response of the ferroelectric.
Measurements at different excitation field amplitudes E0
then allow one to determine the field dependence of the
dispersion parameters ε′r,0(E0), ε
′′
r,0(E0) and ∆ε
′
r(E0).
Subsequently, the field- and frequency-dependent dielec-
tric response εr(E0, f) of the ferroelectric is obtained by
inserting the field-dependent dispersion parameters into
Eq. (4). For comparison, the conventional approach for
the analysis of complex relative permittivity measure-
ments is described in the appendix (Sec. VI).
Note that for systems in which the assumption of a
broad distribution of relaxation times and/or Θ ∼ 1 is
not fulfilled, similar equivalent-circuit elements can be
obtained by inserting the corresponding frequency dis-
persion into Eq. (9).
III. EXPERIMENTAL
A ceramic BCZT target was used to grow 200-nm-
thick epitaxial single crystalline films on (001)-oriented
Nb-doped (0.5 wt%) SrTiO3 (Nb:STO) single crystal
by means of pulsed laser deposition (PLD). We used a
248 nm KrF excimer laser with an energy of 110 mJ and
5 Hz repetition rate. For the deposition on Nb:STO sub-
strates, the temperature was fixed at 700 ◦C with an oxy-
gen partial pressure pO2 = 0.1 mbar. After deposition,
the films were heated up to 800 ◦C and kept there for
15 minutes before cooling down to 700 ◦C. Subsequently,
pO2 was increased to 5 mbar and the films were cooled
down to room temperature with a rate of 10 K/min.
The microstructure of the films was investigated by
x-ray diffraction (XRD) to obtain the crystallographic
orientation and to check for possible secondary phases.
One sample was further analyzed by scanning transmis-
sion electron microscopy (STEM) to investigate possible
crystal defects in BCZT, which may act as domain wall
pinning-centers.
4For electrical measurements, 3 -mm diameter disc-
shaped Au electrodes (∼ 100-nm-thick) were deposited
on top of the BCZT films by electron beam evaporation
through a shadow mask. Impedance spectra of the ca-
pacitor stack from f = 10 Hz to 1 MHz were collected at
different excitation field amplitudes E0 using a Solartron
1260 impedance analyzer together with a probe station.
For each measurement, E0 was successively increased
from 2.5 to 25 kV/cm (applied root mean square voltage
VRMS = 0.05− 0.5 V) with a step-size of 1.25 kV/cm.
IV. RESULTS AND DISCUSSION
In this section, we present XRD data and results from
electrical measurements from one representative epitaxial
BCZT device. The STEM results were obtained from
a different epitaxial BCZT device which was fabricated
with the same process parameters (see Sec. III).
A. XRD and STEM
Figure 1 shows the XRD θ−2θ diffraction pattern for a
BCZT thin film deposited on a (001)-oriented Nb:SrTiO3
(Nb:STO) single crystal. No traces of secondary phases
are observable. The structural phase diagram of BCZT
shows four possible crystallographic phases, i.e. cubic,
tetragonal, orthorhombic and rhombohedral [24]. Due
to the small variations in the lattice parameters of the
possible phases, a rigorous specification of the crystallo-
graphic phase of the films is not accessible from the XRD
data. Thus, we denote the film structure as pseudo-cubic,
which represents the four possible phases. For simplic-
ity, we use cubic metrics for the Miller indices and crystal
directions. The film grown on a Nb:STO substrate is epi-
taxial and the full width half maximum (FWHM) of the
rocking curve of the (002)-BCZT peak (inset in Figure
FIG. 1. XRD θ−2θ scan of BCZT thin film on Nb:STO. The
inset shows the rocking curve of the (002) BCZT peak.
BCZT 
Nb:STO 
[001] 
[100] 
b 
Fig 2: STEM 
5 nm 
FIG. 2. Cross-section STEM image of Nb:STO/BCZT in-
terface viewed along the [010] zone axis. The enlarged sec-
tion shows an edge-type misfit dislocation with Burgers vector
b = a[100].
1) has a value of ω = 0.08 ◦, indicating high crystalline
quality of the film. The results are in good agreement
with BCZT thin films grown by PLD on undoped STO
[25] and SrRuO3 coated STO [26].
The epitaxial growth of BCZT on Nb:STO was also
confirmed by STEM. Moreover, our STEM analysis re-
vealed the occurrence of edge-type misfit dislocations at
the epitaxial Nb:STO/BCZT interface, characterized by
the Burgers vector b = a[100]. Here, a denotes the lattice
constant along the [100] direction within the BCZT unit
cell (Fig. 2). These misfit dislocations act as possible do-
main wall pinning centers, which was already observed
in similar epitaxial PZT heterostructures [27].
B. Impedance spectroscopy and equivalent-circuit
analysis
The collected impedance spectroscopy data on the epi-
taxial device are shown in Fig. 3(a) and were fitted
to the impedance of the equivalent circuit depicted in
Fig. 3(b). Here the series resistance R0 corresponds to
the resistance of the cables, measurement probes and the
electrodes. The R1C1-Element represents the electrode-
BCZT interfaces. The resistance R2 and ZDW model
the ferroelectric film inside the capacitor stack. R2 is
attributed to losses due to possible leakage currents,
whereas the losses due to domain wall motion are con-
tained in ZDW. Additionally, the dispersion parameters
are contained in the domain wall pinning element. The
element L0 models the inductance of the cables used. Re-
sults of the fits can be seen in the Bode plot [28] shown
in Fig. 3(a) where the real and the imaginary part of the
impedance Z = Z ′ − iZ ′′ are plotted vs frequency (for
three values of E0). In all cases, the fits are in good agree-
ment with the measured data, indicating that the used
equivalent circuit is a suitable model for the thin film ca-
pacitors. Fit parameters obtained from equivalent-circuit
fits at three different excitation field amplitudes are sum-
5TABLE I. Fit parameters for the epitaxial BCZT capacitor stack at three different excitation field amplitudes E0. The estimated
standard errors for R2 are below 1 kΩ.
E0 (kV/cm) R0 (Ω) R1 (Ω) C1 (nF) R2 (MΩ) ε
′
r,0 ∆ε
′
r ε
′′
r,0 L0 (mH)
2.5 18± 1 2889± 4 150.5± 0.3 29 457.9± 0.2 7.27± 0.04 10.65± 0.03 4.8± 0.8
12.5 16± 1 2880± 3 151.8± 0.2 21 493.7± 0.1 8.41± 0.03 13.23± 0.02 5.3± 0.5
22.5 14± 3 2838± 7 155.1± 0.6 13 526.4± 0.4 11.41± 0.09 18.23± 0.07 5.3± 1.4
FIG. 3. (a) Bode plots Z′(f) and Z′′(f) obtained by
impedance spectroscopy (symbols) for different E0 on epitax-
ial BCZT thin film capacitor. The equivalent circuit in (b)
was used to fit the data (solid lines).
marized in Table I. The standard errors are calculated
from maximum likelihood estimation [29].
Subsequently, the complex relative permittivity εr(f)
of the BCZT film was calculated from the obtained fit pa-
rameters according to Eq. (4) for each field amplitude E0.
The results for three different excitation field amplitudes
are depicted in Fig. 4. We clearly observe [c.f. Fig. 4
and Table I] that εr(f) and the parameters ε
′
r,0, ε
′′
r,0 and
∆ε′r depend on the field amplitude E0, which indicates
that dielectric nonlinearity and frequency dispersion are
coupled in the BCZT films.
C. Extended data analysis
From the equivalent-circuit fits, the field dependence of
the dispersion parameters ε′r,0(E0), ε
′′
r,0(E0) and ∆ε
′
r(E0)
can be extracted and the results are depicted in Fig. 5.
We observe that all dispersion parameters exhibit a
linear dependence on the field amplitude E0, i.e. in the
FIG. 4. Complex relative permittivity εr(f) of the BCZT film
for three different excitation field amplitudes E0.
guise of the following linear equations
ε′r,0(E0) = a
′
0 + a
′E0 ,
ε′′r,0(E0) = a
′′
0 + a
′′E0 ,
∆ε′r(E0) = b
′
0 + b
′E0 . (11)
To specify the coefficients in Eq. (11), we insert Eq. (11)
into Eq. (4), which yields
ε′r(E0, f) = [a
′
0 + a
′E0] + [b′0 + b
′E0] ln
(
1 Hz
2pif
)
,
ε′′r (E0, f) = [a
′′
0 + a
′′E0] . (12)
Comparing the real part ε′r(E0, f) of Eq. (12) with
Eqs. (5) and (6), gives rise to the identifications a′0 ≡
ε′r,in,0, b
′
0 ≡ ∆ε′r,in, a′ ≡ α′0 and b′ ≡ ∆α′. It should
be noted, that similar identifications were previously
demonstrated to be valid for a PZT-based ferroelectric
ceramic [19]. However, the imaginary part of the mate-
rial response was not considered in Ref. 19. Here, com-
parison of the frequency-independent imaginary part in
Eq. (12), with the imaginary part of the Rayleigh law
Eq. (1) yields the additional identifications a′′0 ≡ ε′′r,in
and a′′ ≡ α′′.
Altogether, the field dependence of the dispersion pa-
rameters Eq. (11) can then be written in the following
6form
ε′r,0(E0) = ε
′
r,in,0 + α
′
0E0 ,
ε′′r,0(E0) = ε
′′
r,in + α
′′E0 ,
∆ε′r(E0) = ∆ε
′
r,in + ∆α
′E0 , (13)
where the coefficient ∆ε′r,in is the zero-field contribu-
tion to the logarithmic dispersion strength and the field-
dependent contribution is given by ∆α′E0.
Subsequently, linear fits according to Eq. (13) were car-
ried out in the range 6.25 kV/cm ≤ E0 ≤ 16.25 kV/cm as
indicated by the vertical dashed lines in Fig. 5. The start-
ing point for the linear fits at E0 = 6.25 kV/cm ≡ ET
was determined by the criterion that all subsequent data
points are required to have a higher value compared to
their left neighbor. The endpoint for the linear fits was
then chosen by the longest fitting range for which every
linear fit has a correlation factor R2 ≥ 0.980, which is ful-
filled for E0 = 16.25 kV/cm ≡ EPS. At higher fields, all
three curves in Fig. 5, show an upward curvature which
we attribute to the partial switching of domains [18]. For
the linear fits, the estimated standard errors from the
previous equivalent-circuit fitting procedure were taken
into account, which is also indicated by the error bars
within the fitting range [c.f. Fig. 5]. The results of the
fits according to Eq. (13) are summarized in Table II.
From the extracted fit parameters, the functional form
of the frequency-dependent reversible and irreversible
Rayleigh parameter of the BCZT thin film can be imme-
diately obtained according to Eq. (5) and the results are
depicted in Fig. 6. Here, the vertical dotted line atfR ∼ 1
kHz indicates the Rayleigh frequency for the BCZT thin
film, which we calculated according to Eq. (7). As dis-
cussed in Sec. II, fR is part of the Rayleigh-like frequency
range, where the center of mass of the domain walls can
FIG. 5. Field dependence of the dispersion parameters
ε′r,0(E0), ε
′′
r,0(E0) and ∆ε
′
r(E0). The solid lines are linear
fits in the region between the two vertical dashed lines, which
mark the threshold field ET and the partial switching field
EPS.
move irreversibly via hopping between potential minima
corresponding to the stochastic regime.
The dashed line at f0 ∼ 63 kHz marks the region where
the irreversible Rayleigh parameter α′ is zero and changes
sign to negative values. This might indicate a transition
from the stochastic regime to a pinned regime, in which
the center of mass motion of the domain walls cannot
follow the fast driving field, and thus the domain walls are
captured in a potential valley. [11]. Similar experimental
indications for the freezing of the irreversible center of
mass motion of the domain walls at higher frequencies
were reported previously [22].
By inserting the functional form of the field dependent
frequency dispersion parameters [c.f. Fig. 5 and Table II]
into Eq. (4), we finally obtain the functional form of the
field and frequency dependent dielectric response in the
epitaxial BCZT thin film, which is given by
ε′r(E0, f) = ε
′
r,in,0 + α
′
0E0 + [∆ε
′
r,in + ∆α
′E0] ln
(
1 Hz
2pif
)
ε′′r (E0, f) = ε
′′
r,in + α
′′E0. (14)
Note that ε′′r,in in Eq. (14) is not zero, which could be an
indication for an internal bias or stress field [8].
The coupling between field dependence and frequency
dispersion in the BCZT thin film arises explicitly in
Eq. (14) as the product of E0 and the f -dependent term.
Thus, this gives rise to the identifiation of the coefficient
∆α′ as the coupling strength beetween dielectric non-
linearity and frequency dispersion, which is defined as
the change of logarithmic frequency dispersion strength
with field amplitude - or equivalent - as the change of
the irreversible Rayleigh parameter with the logarithm
FIG. 6. Logarithmic frequency dispersion of reversible ε′r,in(f)
and irreversible α′(f) Rayleigh parameters. The vertical dot-
ted line at ∼ 1 kHz marks the Rayleigh frequency fR. The
irreversible Rayleigh parameter changes to negative values at
f0 ∼ 63 kHz, which is indicated by the vertical dashed line.
7TABLE II. Extracted parameters from the linear fits according to Eq. (13). The estimated uncertainties from previous fitting
steps were taken into account.
ε′r,in,0 α
′
0 (cm/kV) ε
′′
r,in α
′′ (cm/kV) ∆ε′r,in ∆α
′ (cm/kV)
463.9± 0.1 2.41± 0.01 9.31± 0.02 0.318± 0.002 6.09± 0.03 0.187± 0.003
FIG. 7. Schematic phase diagram of the different domain wall
motion regimes of the epitaxial BCZT thin film. The thresh-
old field ET = 6.25 kV/cm and the partial switching field
EPS = 16.25 kV/cm are obtained from the field dependence
of the dispersion parameters [c. f. Fig. 5] and f0 ∼ 63 kHz is
determined from the frequency dispersion of the irreversible
Rayleigh parameter [c. f. Fig. 6].
of frequency, i.e.
∆α′ ≡ ∂α
′(f)
∂ ln
(
1 Hz
2pif
)
≡ ∂∆ε
′
r(E0)
∂E0
, (15)
which has a value of 0.187 cm/kV in the epitaxial BCZT
thin film. In fact, the negative values of the irreversible
Rayleigh parameter are a direct consequence of the cou-
pling between frequency dispersion and dielectric nonlin-
earity in the BCZT thin film.
Altogether, our analysis yields the schematic phase di-
agram depicted in Fig. 7 for the different domain wall
motion regimes in the epitaxial BCZT thin film. At low
field amplitudes 0 < E0 < ET, the center of mass of the
domain walls cannot overcome the potential well Eq. (3)
of the random energy landscape, however, domain wall
segments can jump between metastable states with close
energies, which corresponds to the non-coupled pinning
regime. This observation has similarities to what has
been found theoretically for disordered ferromagnets [30].
By increasing the field amplitude above the threshold
field ET, the center of mass of the domain walls can addi-
tionally jump between different potential minima, result-
ing in a coexistence of irreversible center of mass motion
and relaxational motion of internal modes in the stochas-
tic regime. Note that this coexistence is not simply ad-
ditive, due to the coupling of dielectric nonlinearity and
frequency dispersion. As a consequence of coupling, the
irreversible Rayleigh parameter becomes zero at f0 ∼ 63
kHz and changes to negative values in the pinned cou-
pling regime. Note that in this coupled-pinning phase,
domain wall segments can still jump between metastable
states, which is indicated by the logarithmic frequency
dispersion observed in this regime. The domain wall dy-
namics in the coupled-pinning phase is not fully under-
stood and remains as a task of a unified theory of dielec-
tric nonlinearity and frequency dispersion, which is not
yet available.
V. CONCLUSION
In conclusion, this work demonstrates several key as-
pects. We introduce the domain wall pinning element
ZDW based on the theory of interface pining in random
systems, which establishes a direct connection between
impedance spectroscopy experiments and theory. More-
over, we demonstrate the practical application of this new
element to investigate the field- and frequency-dependent
dielectric response in lead-free ferroelectric BCZT thin
film capacitor stacks revealing its superiority over the
conventional approach and thus significantly advance the
state of the art in permittivity measurements on fer-
roelectrics. In addition, we perform an extended data
analysis which results in the quantification of the cou-
pling strength and the explicit functional form εr(E0, f)
of the coupled dielectric response. Finally, we present a
schematic phase diagram of the different domain wall mo-
tion regimes and discuss the corresponding domain wall
dynamics.
The present work is intended to serve as a guide-
line for future work on ferroelectric materials, which in-
cludes to reveal the effect of temperature and phase tran-
sitions [31], external bias fields [4], dopants [21], ion-
bombardement [32, 33] and substrate clamping [22] on
domain wall dynamics and related material properties.
This may provide new insights into nonlinear contribu-
tions to the dielectric- and piezoelectric responses, which
is also of practical importance for many microelectrome-
chanical systems (MEMS) and may help to develop a
unified theory of frequency dispersion and dielectric non-
linearity in ferroelectrics.
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VI. APPENDIX: CONVENTIONAL APPROACH
For the conventional approach, the measured complex
impedance Z = Z ′ − iZ ′′ of the capacitor stacks is con-
verted into complex permittivity data of the capacitor
stacks using the formalism described in Ref. 23, resulting
in
ε′r,stack(f) =
−Z ′′
2pifε0(Z ′2 + Z ′′2)
d
A
,
ε′′r,stack(f) =
Z ′
2pifε0(Z ′2 + Z ′′2)
d
A
. (16)
The resulting εr,stack(f) plots are shown in Figure 8,
where for comparison, also the extracted complex per-
mittivity εr(f) of the BCZT layer from the equivalent-
circuit fits [c.f. Fig. 4 and Eq. (4)] is depicted. The ca-
pacitor stack exhibits a Debye-like dielectric relaxation
at high frequencies (∼ 105 Hz), due to to resistive losses
in the electrodes [9]. Moreover, the dielectric spectrum
of the epitaxial thin film capacitor indicates an addi-
tional Debye-like relaxation process at lower frequencies
(∼ 100 Hz). We attribute this second relaxation process
to an extrinsic electrode/film interface effect, which was
previously reported to occur in other ferroelectric thin
FIG. 8. Measured permittivities ε′r,stack(f) (full symbols) and
ε′′r,stack(f) (open symbols) of the BCZT capacitor stack for
different excitation field amplitudes E0. For clarity, the sym-
bols are connected by thin lines which do not represent fits
to the data. For comparison, the extracted permittivities of
the BCZT layer from the equivalent-circuit fits [c.f. Fig. 4 and
Eq. (4)] are also shown (solid and dashed thick lines).
films grown on Nb:STO substrates [13]. This is also con-
sistent with the theoretical discussion of the potential
well Eq. (3) within a random energy landscape, which
leads to a distribution of relaxation times in the BCZT
layer instead of a single (Debye-) relaxation. Moreover,
for BCZT thin films grown on platinized Si substrates,
the second Debye-like dielectric relaxation was absent
[34]. Furthermore, we note that the slightly negative val-
ues of ε′r,stack(f) at frequencies around 1 MHz are due to
the inductance of the cables used [28].
It is clear, that the extraction of frequency dispersion
of permittivity from [c.f. Eq. (16) and symbols in Fig. 8]
does not reflect the true dielectric dispersion of the BCZT
thin film, since there is no deconvolution of electronically
distinct components forming the capacitor heterostruc-
ture. The same is true for the extraction of Rayleigh
parameters, which has been recently demonstrated [8].
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